In this paper, we construct a Darboux transformation and the related Bäck-lund transformation for the supersymmetric Sawada-Kotera (SSK) equation.
Introduction
In searching for the Korteweg-de Vries type equations with N −soliton solutions, Sawada and Kotera [39] , also Caudrey, Dodd and Gibbon [5] independently, found the following fifth order evolution equation u t + u xxxxx + 5uu xxx + 5u x u xx + 5u
2 u x = 0.
This equation, known as the SK equation or CDGSK equation, has been one of the most important equations in the soliton theory and a large amount of results have been accumulated for it. Satsuma and Kaup [40] , within the framework of Hirota bilinear method, obtained its Bäcklund transformations, Lax pair and infinitely many conserved quantities. By means of the prolongation theory, Dodd and Gibbon worked out the similar results [9] . Fordy and Gibbons [12] , independently Hirota and Ramani [21] , shown that the SK equation is associated with another fifth order evolution equation, namely Kaup-Kupershmidt equation, and in particular these two systems share a common modification [12] . Kaup developed the inverse scattering method to the SK equation [24] . Fuchssteiner and Oevel brought the SK equation into the bi-Hamiltonian formulation [14] . According to Date et al, SK equation is a particular flow of the BKP hierarchy [7, 8] . Levi and Ragnisco constructed the Darboux transformation for SK equation [25] (see also [34, 3] ) and a nonlinear superposition formula was found by Hu and Li [22] . Most recently, Geng, He and Wu constructed the algebro-geometric solutions for the SK hierarchy [15] . For more results and properties of the SK equation, one is referred to [2, 11, 13, 19, 20, 35, 30, 37, 44, 33] and the references there. With Tian, one of the authors proposed a supersymmetric SK equation [41] , which reads as
where φ = φ(x, t, θ) is a super fermionic function depending on temporal variable t, spatial variable x and its fermionic counterpart θ. D denotes the super derivative defined by D = ∂ θ + θ∂ x . For simplicity, here and in the sequel, we denote super derivative by prime and usual derivative with respect to x by subscript x. To see the connection with the SK equation (1), we assume φ = θu(x, t) + ξ(x, t), where u = u(x, t) is a bosonic (even) function while ξ = ξ(x, t) is a fermionic (odd) one, then the SSK equation (2) in components takes the following form
which reduces to (1) when the fermionic variable ξ is set to zero. It is mentioned that the SSK equation also appears in the symmetry classification of supersymmetric integrable systems [42] . As its classical counterpart, the SSK equation is also integrable and its integrability is ensured by presenting a Lax representation, the existence of infinitely many conserved quantities and a recursion operator [41] . It is interesting to note the SSK equation possesses odd Hamiltonian structures and is a bi-Hamiltonian system [36] . Subsequent works show that the SSK equation is associated with supersymmetric Kawamoto equation [29] and passes the Painlevé test [28] .
The purpose of this paper is to construct a Darboux transformation and the related Bäcklund transformation for the SSK equation and study their applications. While Bäcklund transformations have their origins from differential geometry (see [17, 38] and the references there), it is well known that Darboux and Bäcklund transformations play a vital role in the study of nonlinear systems and the related theory constitutes an integrated part of the soliton theory (see [17, 38, 32, 6, 10] for example). Bäcklund transformations have been known to be an effective approach to construction of solutions for nonlinear systems, furthermore they may be applied to generate new integrable systems, both continuous and discrete [26, 27, 18] . It is remarked that the applications of Bäcklund transformations to integrable discretization of super or supersymmetric integrable systems were developed only recently [16, 48, 45, 46, 47, 4, 31] .
The paper is arranged as follows. In next section, we recall the Lax pair for the SSK equation and construct its Darboux and Bäcklund transformations. As a simple application, 1-soliton solution to the equation is obtained from the associated Darboux transformation. In section 3, we present a nonlinear superposition formula for the SSK equation and a 2-soliton solution is worked out. Then in the last section, we relate the obtained Bäcklund transformation and nonlinear superposition formula to super differential-difference integrable systems. In particular, by taking continuum limit we show that one of the systems gives the SSK equation.
Bäcklund-Darboux Transformations
To construct a Darboux transformation for the SKK equation (2), we recall its Lax representation [41] L
where
and
Thus, the corresponding linear spectral problem is
From above Lax pair, we see that it is natural to work with φ rather than φ. Therefore, we introduce v = φ and rewrite (2) as
Our aim now is to find a Darboux transformation for (5) and we will take the well adopted approach, namely gauge transformation approach. To this end, we first reformulate the linear spectral problem (5) into the matrix form and such reformulation is standard. Introducing Φ = (ϕ, ϕ x , ϕ xx , ϕ , ϕ x , ϕ xx )
T , we may rewrite (5) in matrix form, that is,
Above matrix M has both bosonic and fermionic variables as its entries, thus a super matrix. As in [47] , we introduce an involution on the algebra of super matrices in the following way: given any matrix A = (a ij ) i,j∈Z , we define
p(a ij ) a ij with p(a ij ) denoting the parity of a ij . The idea of constructing a Darboux transformation for (7) is to seek for a gauge matrix T such that
where M [1] is the matrix M but with v replaced by the new field variable v [1] . Now it is easy to see that (8) and (9) imply that the gauge matrix T has to satisfy
a crucial equation we have to find a proper solution for it. To this end, we take the simplest ansatz, namely
A careful analysis and tedious calculations show that the matrices F and G may be taken as
and 
It is noticed that all the entries of the Darboux matrix G are represented in term of the field variable v or φ, an auxiliary (bosonic) variable a and their derivatives. In addition, the single auxiliary variable a satisfies the following equation
and the transformation between field variables reads as
The equation (14) may be used to eliminate the auxiliary variable a in (13) and in this way a Bäcklund transformation (spatial part) for the SSK equation (2) may be obtained.
Remark:
For above Bäcklund transformation, we may take its bosonic limit and find
It is easy to see that this is nothing but the Bäcklund transformation of SK equation (1), first appeared in [40, 9] .
While we have worked out a Bäcklund transformation for the SSK equation, the Darboux matrix T is implicit in the sense that it depends on a and it is desirable to relate it the solutions of the linear spectral problem (7) in such way that the Darboux matrix T may take an explicit form. Thus, we consider the kernel of the Darboux matrix T and take the particular solution Φ 0 = (ϕ 0 , ϕ 0x , ϕ 0xx , ϕ 0 , ϕ 0x , ϕ 0xx )
T of (7) at λ = λ 0 such that T Φ 0 = 0. Then we find
where ϕ 0 is a bosonic function. Now summarizing above discussions, we have Proposition 1 Let ϕ 0 is a bosonic solution of the linear spectral problem (5) at λ = λ 0 . Let the matrices F and G be given by (11) and (12) with the quantity a given by (17) . Then T = λF + G is a Darboux matrix for the linear spectral problem (7). The transformation for the field variables is given by (16) .
It is interesting to note that the scalar version of the Darboux transformation may be obtained as follows
As a first application, we now employ the Darboux transformation to build the 1-soliton solution for the SSK system (2). We begin with the vacuum seed v = 0 and consider the corresponding linear problem
, we easily find that
i)k, ζ and c are arbitrary fermionic constant and bosonic constant respectively, solves the system (18) . Now from (17), we obtain
and substituting them into (14) leads to the following 1-soliton solution of the SSK equation
It is noted that the bosonic part of the solution is just the 1-soliton solution of the SK equation [39, 5] .
Nonlinear Superposition Formula
In the last section we constructed the Bäcklund transformation and Darboux transformation for the SSK equation. It was shown that these transformations may be used to build solutions for the SSK equation. However, Bäcklund transformation itself is a system of differential equations, therefore it may not be easy to solve for more general seed solutions. The usual way to get over this difficulty is to derive the corresponding nonlinear superposition formula, which we now look for. It turns out that a convenient way is to work with the potential form of the equation, so we introduce φ = 3w or v = 3w x and convert the SSK equation (2) into
Now we suppose that w is an arbitrary solution of the potential SSK (19) and λ j (j = 1, 2) are arbitrary constants taken as Bäcklund parameters, then we may perform Darboux transformation Φ [j] = T | λ=λ j Φ and find new solution w j . Namely, we consider a pair of Darboux transformations
Then with the help of the Bianchi's permutability theorem, represented schematically by the diagram below
Φ [2] λ 1 ,T 21 6 6 we obtain T [12] T
After some cumbersome calculations, we find, from (22) , the following nonlinear superposition formula
We now employ above nonlinear superposition formula and build a 2-soliton solution to the SSK equation. To this end, for arbitrary bosonic constants k j and fermionic constants ζ j (j = 1, 2) we take
Then from (23) , by some tedious calculations we obtain
Thus, v 12 given by (24) is a 2-soliton solution of the SSK equation. It is easy to check that the bosonic limit of the above solution is nothing but the 2-soliton solution of the SK equation. We remark that our nonlinear superposition formula is of differential-algebraic type which may serve as an effective way to build more solutions. Also, by taking the bosonic limit we may have the following nonlinear superposition formula for the SK equation
which should be compared with [22] (see also [33] ).
Discretizations and continuous limits
It is well known that in addition to allowing one to construct solutions of nonlinear systems, Bäcklund transformations and the associated nonlinear superposition formulae often supply new integrable systems of both continuous and discrete types. Next, we will show that this is the case for our Bäcklund transformation and nonlinear superposition formula derived above.
Discrete systems
We first consider Bäcklund transformation. To do so, we write out (13), using the potential variables w x , w 1x , and λ 0 = λ 1 , as follows (w − w 1 ) xx = − 1 4 (w − w 1 ) 3 + 3 2 (w 1 − w)(w 1 + w) x − 2λ 1 + (w − w 1 )(w − w 1 ) x w − w 1 .
Let λ 1 = −
Continuum limits
As a final part, we relate the semi-discrete systems obtained last subsection to the SSK equation. We will show that by taking proper continuum limits both (27) and (28) go to the potential SSK equation (19) . For the differential-difference system (27), we introduce the new continuous variable τ as w n (x) ≡ w(x, τ ), then w n+1 (x) ≡ w x, τ + 1 p 1 may be expanded in
, and defining a new independent variable t in term of τ and x such that 
